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We propose an approach to position measurements based on the hypothesis that the action of a position 
detector on a quantum system can be effectively described by a dissipative disordered potential. We show that 
such kind of potential is able, via the dissipation-induced Anderson localization, to contemporary localize the 
wavefunction of the system and to dissipate information to modes bounded to the detector. By imposing a 
diabaticity condition we demonstrate that the dissipative dynamics between the modes of the system leads to a 
localized energy exchange between the detector and the rest of the environment -the ’’click” of the detector- thus 
providing a complete deterministic description of a position measurement. We finally numerically demonstrate 
that our approach is consistent with the Born probability rule . 

PACS numbers: 03.65.Ta 03.65.Yz 73.20.Fz 


A quantum system, when measured, is never found in a 
superposition state. Moreover the quantum algorithm is not 
able to predict the outcome of the single measurement, only 
its probability to happen. This constitutes the measurement 
problem in quantum mechanics. In the Copenhagen interpre¬ 
tation, the problem is circumvented by means of projector op¬ 
erators. The outcome of a single measurement follows from 
the non-deterministic ’’collapse” of the wave-packet, i.e., from 
an elusive process that gives rise to an individual, objective 
and localized real event: the ’’click” of the detector (Ell¬ 
in the last decades the decoherence program has provided a 
more involved point of view on the measurement processes 
ffl. Decoherence and einselection respectively destroy the 
coherence between the states of a quantum system and select a 
preferred set of states which are resilient to the environmental 
action. Nevertheless the decoherence approach has not com¬ 
pletely solved the measurement problem. In particular regard¬ 
ing position measurements, it is not able to practically provide 
a mechanism that leads to a definite outcome in a single mea¬ 
surement, i.e., to the ’’click” of the detector. This is mainly 
due to the fact that all position measuring devices, being them 
photographic plates, bubble chambers, CCD arrays etc., are 
highly complicated and structured systems. Given the huge 
number of particles and degrees of freedom involved, a com¬ 
plete description of their dynamics is practically impossible 
and the measurement apparatus is usually described by means 
of effective models |3>, JJj)}] or effective potentials ifiol [lEl . 
As a consequence, the relevant mechanisms responsible for 
the measurement outcomes are difficult to be pointed out. In 
the vast majority of the above mentioned models, such mech¬ 
anisms are hidden in the interaction with a generic ’’noisy” 
bath. Interestingly, specifically concerning position measure¬ 
ments, to the best of our knowledge the spatial disorder on 
the measurement device has never been considered as possi¬ 
ble responsible for the localization of the particle under de¬ 
tection. The hypothesis that a position measurement device 
can be effectively described by a dissipative disordered poten¬ 
tial appears natural when dealing with non-idealized detector. 
First, at the microscopic scale. Nature always tends to arrange 


in a disordered way. Moreover, even in the case the detec¬ 
tor was consisting of the most perfect crystal, on its surface 
the dynamical chemical equilibrium with the surrounding gas 
and the presence of already detected particles strongly modify 
the potential, effectively disordering it. Here we thus con¬ 
sider a position measurement device as a disordered purely 
absorptive potential m T2H13I1 . We demonstrate that a disor¬ 
dered absorptive potential is indeed able to reduce an initially 
delocalized wavefunction to a localized one via a particular 
form of einselection: the dissipation-induced Anderson local¬ 
ization. Localization by the environment has be achieved in a 
large number of models, see e.g. 0111 12- 15], but Anderson- 


like mechanisms have so far never been considered. In addi¬ 
tion here we show that, making use of a diabaticity condition, 
the absorption process induces an energy exchange between 
the detector and the rest of the environment which is local¬ 
ized in space and which represents the measurement outcome, 
namely the ’’click” of the detector. Given a certain wavefunc- 
tion for the quantum system, the actual realization of the po¬ 
tential deterministically sets the position of localization and 
the outcome of the single measurement. The practically un¬ 
predictable modification of the disordered potential from one 
measurement to another changes such position, making the 
output essentially aleatory. The repetition of a suitable high 
number of such kind of measurement processes allows to re¬ 
construct the density distribution of the quantum system, in 
accordance with the Born probability rule. In contrast with 
spontaneous collapse theories | Ul8], our approach does not 
require any modification of the Schrodinger equation or the 
introduction of underlying noise fields. 


We start our treatment considering the idealized situation 
of a particle and the surrounding environment and defining the 
corresponding Hilbert spaces as 5%s and Me- The total Hilbert 
space can be written as the tensor product 0 

and the states can be written as T* = Ty'IL, obeying the 
Schrodinger equation IPV = FT. We additionally impose the 
normalization condition / I'Fsl 2 = 1 V t. Let us now consider 
the subspace Mb and its projector Q, so that QM = Mb, 
which are associated with a position detector (see Fig.l). The 
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FIG. 1: (Color online) Pictorial representation of a position measure¬ 
ment. A generic quantum system, whose associated Hilbert space is 
M$ is confined but delocalized in a region of space of length L. The 
environment, with Hilbert space Me, is instead spread all over the 
space. At t = 0 the environment and the quantum system interact 
through a detector, whose spatial extension is at least L. The vertical 
dimension is used to pictorially represent the extension of the Hilbert 
spaces. 


detector is where the environment and the particle interact 
and we suppose that for 1 < 0 such interaction is off and 
QVs t < 0) = 0. By means of the Feshbach partition theo¬ 
rem 1 13-21] it is possible to demonstrate that the wavefunc- 
tion outside the detector 'IV; = l n ¥ = (1 — Q) V P evolves under 
the action of both Hermitian and non-Hermitian terms. By 
formally tracing out the environment degrees of freedom and 
making use of a Markovian approximation for the detector 
configurations I 20t 22 . 231, we can obtain a simple expression 
for the evolution of the wave vector t// of the particle outside 
the detector: 


Hid, t jf = H s yf + D int \if = H s \lf-iG(t-0)V(x)w, (1) 


where the theta-function renders the sudden switch-on of the 
detector at t = 0. Similar approaches have been used for ex¬ 
ample in 1 13- 13, 24]. Irrespectively on the details of the mi¬ 
croscopic interactions, being them chemical reactions, ioniza¬ 
tion mechanisms etc.., our ansatz is that V (x) has a disordered 
spatial dependence |Q, 8]. Equation (1) describes the evolu¬ 
tion of the particle as an open system connected to the de¬ 
tector, where the non unitary evolution implies that the norm 
of t/r is not conserved, i.e., d t [/ |i//j 2 ] ^ 0. It then holds that 
= ¥+ <t> with ^>s(t < 0) = yr(t < 0) and d, [J l^sl 2 ] = 

d, [/ | W + 01 2 ] =0. The two components l// and (j) are not nec¬ 
essarily orthogonal. In fact, owing to the elimination of the 
environment degrees of freedom, it is not possible to define 
a projector Ps (corresponding to P) such that t f/ = Ps'f’s (so 
that (j) ^ (1 — /kj'Ifv). The interpretation of the two wavefunc- 
tions is readily done: t f/ is the component which is external to 
the detector while (j) corresponds to the internal component, 

e. g. to bound states inside the detector. The integrals of their 
density distributions correspond respectively to the survival 
probability in the initial system and to the probability of the 
particle to be absorbed by the detector and they are obviously 
bounded to one, i.e., J | i//j 2 < land /|0| 2 <1. The equation 
for the evolution of 0 could be obtained with a similar pro- 
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FIG. 2: (Color online) Typical normalized density distribution of the 
eigenstates <j )i for the disordered dissipative potential described in the 
text, for different amplitudes of the speckles. The vertical logarith¬ 
mic scale allows to appreciate the exponentially localized character 
when y > 10~ 3 . 


cedure starting from 'To. Nonetheless, and this is the second 
ansatz of our treatment, this is not needed. Indeed, given eq. 
(1), the complete evolution of the two components of 'Fy dur¬ 
ing the measurement process is already known if we impose 
the diabaticity condition 

d t ['¥s]t<t M = 0, (2) 

where f,y/ is the time at which the detector clicks. This condi¬ 
tion follows from the fact that here we are interested in strong 
measurements, i.e., in measurements where the detector is 
able to rapidly and irreversibly localize the particle. For t < 0, 
when the environment and the system do not interact, it holds 
//'Fy = Fy'Fy with E$ <C E. The time evolution in the system 
then is 'Ps(f) = exp[— iE$t where T < 0 sets the time 
at which the quantum system was prepared. We can define 
the measurement time as tM — ft/3 (£,„/), with Dj llt x = Ei„ t X- 
The absorption term D ln1 for our projective detector must then 
satisfy the condition 3 (Ej nt ) £ 5 . From which follows that 
Tfy(fw) = exp[-/£ s /3(£mr)] l I , .s(0) - 'Bs(O). The diabaticity 
condition can thus also be written as (\Hs\) -C (\Dj„,\). Sim¬ 
ilar conditions are found in the spontaneous collapse theories 

a. 

Given the above scenario we now describe the process that, 
starting from eq. (1), distillates the states that are more re¬ 
silient to the dissipative action. We consider a finite size sys¬ 
tem of length L (corresponding to the confinement volume 
of the particle or to the detector size), whose discrete spec¬ 
trum is characterized by eigenvalues E]^ and eigenvectors 
<j> n (x) = (x| n) with E'n' = E n + iV n . Given a certain initial 
wavefunction (x|i//(0)} one obtains that its evolution can be 
expressed in term of the eigenstates | n) as 0: 

(x\w(t)) = ^(x\n)(n’\ W (0))e- m ^ h 
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FIG. 3: (Color online) Dynamics of the dissipation-induced Anderson localization, a) and b) The evolution of \y(t )\ 2 and of \<p(t )\ 2 as a 
function of time until the measurement time t^j. The vertical scale in a) is logarithmic highlighting the exponential localization of the final 
state, c) I\, h and I 3 as a function of time, d) The energy density t, and its integral Jq [£] as a function of x for t = tu- 


= Y,c',Mx)e- i{E '‘ +iV " )t/h 0) 

n 

where c n i = (n'\y/(0)). The right and left eigenstates are 
complex conjugate | n’) = |«)*, from which it follows that 
c n t = \c n \e~ l9 " , being c„ = («|i//(0)) = \c n \e ,d " the coefficient 
of the expansion over the right eigenstates. For the density 
one obtains: 

I Km)! 2 = £|c„| 2 |4>„(x)|Vt + 

n 

Y knlkmK(x)0„,(x)e' A<f, " mW e ( " + fi m) (4) 

n^m 

with A (pnm{t) = (9 m - - (9„ - ^f). Since V„ < 0 we 

have that i) in the first sum, only the terms with smaller |V„| 
survive at long times and ii) in the second sum, at long times 
only the terms with smaller \V n \ and \V m \ survive as well. In 
particular, since \V n \ < |V m>n | the terms of the second sum 
are suppressed faster than the first sum. The total effect is 
thus a particular form of einselection: the dissipative action of 
the detector irreversibly distillates the sets of states with the 
smaller imaginary energy V n . 

As an example of dissipative disorder potential we choose 
V(x) = L^i7 ex p(-(x-Xj) 2 /(2(T 2 )), hence a speckle-like 


potential. The centres of the speckles xj are uniformly ran¬ 
domly distributed over the detector size L. Nd, 7 and a are 
respectively the number of speckles, the amplitude and the 
size of the speckles. Moreover we set H$ = h 2 V 2 /(2m) . In 
the following we use a as length unit and then h 2 / ( 2 m(J 2 ) 
as energy unit, being m the mass of the particle. In Fig. 2 we 
show the density distribution of the states with the smallest V n , 
for a given realization of the disorder potential with L = 2000, 
Nd = 1000 and different values of 7. In case the dissipation 
is sufficiently strong they are exponentially localized so we 
call the distillation process dissipation-induced Anderson lo¬ 
calization 1 3 27]. We remark that, while Anderson local¬ 
ization originates from the destructive interference of waves 
in disordered conservative potentials, here the localization re¬ 
sults from the selection of the states which are most resilient 
to a random distribution of absorbing potentials. 

Hence eq. (1) with a disordered potential V{x) leads to the 
contemporary localization and dissipation of t// while, given 
eq. (2), the time evolution of (j> is then simply set by the equa¬ 
tion d t (j) = -d, 1//. The aim of the measurement protocol is 
then to obtain |y/(x,0)| 2 = | l Fy(x,0)| 2 . From the normaliza¬ 
tion condition it follows that /|yr| 2 + J\(j)\ 2 + 23i f (iff*<j>) = 
I\ +h +I 3 = 1 V 1. At t = 0, when the measurement starts, the 
detector entangles 1 f/ and 0, indeed I 3 / 0. Moreover it starts 
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to acquire information dissipating it from y/ and transferring 
it to 0. The ’’click” of the detector happens when I 2 = 1, i.e., 
when the available information has been fully absorbed. In 
this case the detector has the certainty about the particle exis¬ 
tence and additionally it cannot further absorb (I 2 < 1 ), hence 
the measuring process must stop. The diabaticity condition 
allows such scenario to manifest at a finite time t = tM- In¬ 
deed it makes possible to reach the condition 1 2 (tin) = 1 with 
h ( tM) = Stopping the measurement implies the dis¬ 

entanglement of 0 and y/ which, in turn, implies the orthog¬ 
onality of the two wavefunctions. Moreover, since I 2 = 1, it 
also implies that yr(t > ) = 0. Notably, in contrast with 

spontaneous localization theories, our treatment does not suf¬ 
fer from tails problems Sill- 

Ending the measurement thus requires an energy amount 
to disentangle y/ and 0 and to annihilate y/. The environ¬ 
ment, which continuously interacts with the detector, can pro¬ 
vide such energy, corresponding to the ’’click” of the detec¬ 
tor. At the beginning of the measurement the energy of the 
particle is E$ = /[y/*(0)77t)/(0)] while immediately after the 
’’click” it becomes Eg = f [0*(fA/)ff0faf )] > E$. The dif¬ 
ference between E$ and Eg is mainly [2911 the energy asso¬ 
ciated with the entanglement at the end of the measurement 
^ = f[0*(t M )Hy/{t M ) + yr*{t M )H(j>(t M )] = f[£(t M ,x)], being 
C the energy density. By ending the measurement process 
such energy is indeed absorbed by the detector from the en¬ 
vironment and, in case it is localized in space, represents the 
read out of the measurement. This can happen if at least one of 
the two wavefunctions is localized before the ’’click”, condi¬ 
tion ensured in our case by the dissipation-induced Anderson 
localization of y/. The collapse in the frame of our treatment 
is thus a consequence of the disentanglement, which implies 
yr(t > 1 m) = 0. Formally we can include the ’’click” and the 
end of the measurement process as: 

'¥ s (t) = e(I 2 (t)-l)yr(t) + <$>(t). (5) 

Immediately after the measurement the particle has been fully 
absorbed by the detector and it is still completely described 
by the wavefunction 0 (with unitary norm). 

In order to verify our approach we have performed a se¬ 
ries of numerical simulations choosing the dissipative poten¬ 
tial V (x) to have the form described above. As shown in Fig. 2 
the states with the smallest imaginary parts of the spectrum are 
exponentially localized. In Fig. 3 we report an example of the 
dynamics, with L = 2000, N r j = 1000 and 7 = 10 2 starting 
from y/(0) being completely delocalized over L. Such choice 
of 7 and Nj fulfil the condition (\Hs\) -C (\Di„ t \). In Fig. 3a 
and 3b we show the behaviours of \y/(x)\ 2 and |0(x )| 2 during 
the dynamics. In particular in Fig. 3a it is possible to appreci¬ 
ate the exponential localization of |t/r(x) | 2 accompanied by the 
dissipation. The action of the dissipative potential gradually 
suppresses the norm of y/ (7i) while, what is dissipated from 
y/ represents a gain for 0 , whose norm h goes from 0 to 1 at 
t = 1 m (Fig. 3c). The cross-term 73, which takes into account 
the overlap of y/ and 0 , starts from 0 , has its maximum when 
I\ I 2 and then goes below 0 around tM- In Fig. 3d we plot 
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FIG. 4: (Color online) Histograms obtained after 5000 simulations 
of position measurements following our algorithm. In each panel the 
results are reported together with the corresponding initial density 
distribution |t|r(0)| 2 (line). The bin size is set to be safely larger than 
the typical FWHM of t,. 


the energy density E, (x) at 1 = tM, which is localized (as also 
evident from its integral) approximately in the same position 
as \y/(tM,x)\ 2 . The width of E, naturally sets the resolution of 
the detector. For the particular disordered potential we have 
chosen, we have found that the typical FWHM of ^ is ~ 30. 

Our approach to a position measurement therefore allows a 
localized energy exchange starting from a delocalized wave- 
function. We now demonstrate that our approach is compati¬ 
ble with the Born probability rule, i.e., that is possible to re¬ 
construct the space dependence of modulus squared of an ar¬ 
bitrary initial wavefunction \ y/(t = 0,x)| 2 . As in standard ex¬ 
periments this can indeed be inferred summing up the results 
of a suitable number of single position measurements (ideally 
infinite). We start from four different kinds of initial wave- 
functions yr(t = 0,x): a completely delocalized one (flat), two 
gaussians with different widths and a sine. For this set of sim¬ 
ulations we use the same kind of speckle potential described 
above. We let the system evolve according to eq. (1), (2) 
and (5) for 5000 different realization of the disordered poten¬ 
tial. In a few cases (< 1%) the protocol is not able to localize 
the particle in the maximum time allowed and such runs are 
discarded. In the other cases, when h = 1 the dynamics is 
stopped and E, (x) is calculated. We then build the histogram 
of the positions where ^ (x) is localized with a binning of 50, 
safely larger than the average FWHM of E itself. In Fig. 4 
we report the results of the simulations together with the cor¬ 
responding initial states for all the four cases; the agreement 
is excellent demonstrating the plausibility of our approach. 

In summary, we have introduced an approach to position 
measurements mainly built on the hypothesis that a position 
detector is a disordered absorptive potential. We have shown 
that the interaction of such detector with the quantum sys¬ 
tem gives rise to the dissipation-induced Anderson localiza¬ 
tion. The subsequent ’’click” of the detector is obtained by 
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imposing a diabaticity condition. We have performed a nu¬ 
merical experiment following the above described measure¬ 
ment process and we have been able to excellently recon¬ 
struct four different density distributions. The onset of the 
dissipation-induced Anderson localization could be observed 
in controlled systems like Bose-Einstein condensates under 
the action of suitably engineered dissipative potentials [30]. In 
such experiments the competition of disorder and order in the 
localization of a particle under measurement could indeed be 
tested. Our approach could also be compared with other mod¬ 
els of wavefunction reduction d, chaotic systems |[3lll or 
bohmian mechanics II32|| . Additionally its extension to other 
contexts, like to the quantal definition of the time of arrival 
0 l33ll may lead to interesting new insights. 
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